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Abstract. We study a holomorphic equivariant cohomology built out of 
the Atiyah algebroid of an equivariant holomorphic vector bundle and prove 
a related localization formula. This encompasses various residue formulas in 
' complex geometry, in particular we shall show that it admits as special cases 

^| ■ Carrell-Liebermann's residue formula, and Baum-Bott's formula for the zeroes 
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1. Introduction 

In its fundamental paper [6], Bott wrote formulas allowing to express the Chern numbers 
of a compact manifold X in terms of the zeroes of a vector field on X. This was done in 
two cases, for a holomorphic vector field (when X is a complex manifold), and for a vector 
field preserving a Riemannian metric on X. The second case was later better understood 
in the setting of equivariant cohomology j2]: one can introduce an equivariant de Rham 
complex, and the integral of any cocycle can be expressed in terms of its restrictions to 
the fixed points of the group action (which is an S 1 action for the case of a vector field 
preserving a Riemannian metric). 

The analogy between the two cases, the holomorphic and the Riemannian one, is not 
complete. However, it is possible to define some kind of "formally equivariant" Dolbeault 
complex and derive from it localization formulas, see e.g. [17]. Our goal in this paper is to 
propose a comprehensive approach to holomorphic equivariant cohomology. We start from 
the holomorphic Atiyah algebroids *3)g associated to a holomorphic vector bundle $ on a 
complex manifold X, and assuming that there is a vector field on X that may be lifted 
to a section of &g, we introduce a holomorphic equivariant complex and prove a related 
localization formula (Section [2]). When $ = {0} this cohomology essentially reduces to 
K. Liu's holomorphic equivariant cohomology [17] . By considering a twist by an effective 
line bundle, we can also prove a general localization formula related to the action of a 
meromorphic vector field. 

Our localization formula admits the Baum-Bott formula [3] and the Carrell-Liebermann 
residue formula [101 [8] as special cases. In both instances our approach produces significant 
simplifications with respect to the original proofs. Let us explain in which sense these 
formulas are special cases of ours. One of the ingredients of the theory is a (in general, 
meromorphic) vector field V on X, which is lifted to a first-order differential operator 
acting on a holomorphic vector bundle $ . This lift is in general obstructed, therefore one 
needs to assume the existence of the lift. This is what we do, and is one of the assumptions 
of the Carrell-Liebermann formula; our formula is more general than the latter because we 
compute the integral of any cocycle is a certain cohomology complex that we associate with 
V and while the Carrell-Liebermann formula computes the integral of a polynomial in 
the Atiyah class of $ . 

A special situation arises when <f is the holomorphic tangent bundle Ox- If the vector 
field V is holomorphic, it always has a lift to a differential operator on Ox, namely, the 
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Lie derivative £x- Thus one gets a generalization of Bott formula |Bj, or, if one integrates 
a polynomial in the Chern classes of X, Bott's formula itself. 

If V is meromorphic, i.e., it is a section of Ox for some line bundle Jzf, in general it 
does not lift. There are two ways out of this problem. Either one just treats the special case 
when the obstruction vanishes; this produces a particular case of our localization formula 
(13. ip . Or, one realizes that even if V does not lift, it actually defines a residue (as noticed 
by Carrell p5], see also section |3~51 in this paper). However, this residue does not compute 
a characteristic number of the tangent bundle Gx, but rather a characteristic number of 
the virtual bundle @x — . Thus one obtains Baum-Bott's formula. 

Further investigations along this line would naturally lead to consider generalizations 
of the holomorphic Lefschetz formulas and applications to Courant algebroids, e.g., in 
connection to generalized complex geometry (cf. |16j). 

Acknowledgments. This paper was drafted while the first author was visiting IMPA 
in Rio de Janeiro, and was finalized while he was holding a visiting position at IHES in 
Paris. He gratefully acknowledges support and hospitality from both institutions. The 
second author thanks LPTM of the Cergy-Pontoise University for hospitality during his 
CNRS delegation. We thank Professors Yvette Kosmann-Schwarzbach and Alexei Rosly 
for their interest in this work. 



2. Twisted holomorphic equivariant cohomology 

Let X be an n-dimensional compact complex manifold. We shall denote by Bx its 
holomorphic tangent bundle and by Tx its tangent bundle when X is regarded as a 2n- 
dimensional smooth differentiable manifold. Q x will denote the bundle of holomorphic 
z-forms on X, while fl^ c will denote the bundle of complex- valued smooth z-forms, and 
Q p x q the bundle of forms of type (p,q)- (In general, we shall not use a different notation 
for a bundle and its sheaf of sections.) The symbol T will denote global sections. 

We shall not use any Lie algebroid theory here but one should note that our constructions 
are quite heavily motivated and suggested by that theory. 

2.1. The Atiyah algebroid. If $ is a (rank r) holomorphic vector bundle on X we shall 
denote by *3lg the bundle of first order differential operators on <§ with scalar symbol. &g 
sits inside an exact sequence of sheaves of ^-modules 

-> End(£) -ff^6 x ^0 (1) 
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where a is the symbol map. 3g is actually an example of a holomorphic Lie algebroid 
[THE], with bracket defined on its sections by the commutator of differential operators, 
and the symbol map a playing the role of anchor. 

The class in a($) G Ext 1 (9x, End($)) defining the extension ((T]) is called the Atiyah 
class of <£?, and it is the obstruction to the existence of holomorphic connections on <§ [JJ . 

We shall assume throughout that a global holomorphic vector field V on X has been 
fixed, which admits a lift V in Y{Qig). The pair (S', V) is called an equivariant holomorphic 
vector bundle. 

2.2. The cohomology complex. We want to define a "holomorphic equivariant" coho- 
mology complex associated with the Atiyah algebroid <2>g. We set 

Q\ = A k D} = APS} ® ffx tig • (2) 

p+q=k 

Note that the line bundle det(-D^) is isomorphic to the determinant of the complexified 
tangent bundle Tx <8> C Moreover, by combining the symbol map with the inner product 
one defines a morphism 

q: A k D} <g> det(D^) A 2n - k+r \T x <g> C). 

We define a morphism p : Q s — > ^l k £^ by letting 

p(if>) = (-l) k q(ip ® a) j?7 

if if> is a section of A k D* s , and a G r(det(-D^)) and r] in f2|p c (X) are such that 77(a) = l|3 
This map is an isomorphism when § = {0}. By using this map we can integrate sections 
of Q' s , i.e., if 7 G Q'g{X)i and X is compact, by f x 7 we mean J x p(j). 

We define an "equivariant" complex 

n- =c[t\ ® c Qg{x) 

with the usual equivariant grading 

deg(^ ®(5) = 2deg(^) + deg/3 
if ^ is a monomial in t and j3 G Q* . We also define a differential 

<V = d&g -tiy 

1 Here we use the symbol j to denote inner product, however for typographical reasons later on we shall 
also use the symbol 1. 
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where dg s is any of the Cauchy-Riemann operators of the holomorphic bundles K k S>g. We 
have 5y- H* —> HJ +1 , and an easy computation shows that Sy = 0, so that is a 

cohomology complex. We denote its cohomology by H~ r (£ > ). 

There is a relation between the complex £}' that we obtain by setting $ = {0} in Q* s 
and Liu's holomorphic equivariant de Rham complex [T7]. Liu's complex is defined by 
letting 

A (k) = ftP,9(X) 
q— p=k 

with a differential 

5t = B — t ly 

for some value of t. One has, for every t, cohomology complexes (A^ k \ where the index 
k ranges from — n to n. Liu shows that the corresponding cohomology groups H^{X) 
are independent of t, provided i ^ 0. We shall denote them by (X). An explicit 
computation shows the following relation. Let us denote by H V (X) the cohomology groups 
H^.{$) corresponding to the case S = {0}. Moreover, let H* n+k (X) be the subspace of 
#2n+fcpq f orme d by classes of cocycles in the subspace ® p [C[t] ® Q p > p+k {X)} of ®jQi 

Proposition 2.1. For every k = —n,...,n, and every t* G C* ; the cohomology group 
h£) (X) is isomorphic as a C-vector space to the subspace of H v n+k (X) obtained by setting 
t = t*. 

Proof. Let us realize H^ u (X) as H^\x). A class [ u] in this group is represented by an 
element 

n 
p=0 

(where co p ' p+k G Q p ' p+k (X)) satisfying (3 - i v )u = 0, i.e., 

Bco p ' p+k = i v u p+1 ' p+k+1 for p = 0,...,n. (3) 
If we define the element in £}* 

n 

£ = Y^ t n ~ p uj p ' p+k 

then the condition (j3J) is equivalent to 5y£ = 0. Thus we obtain a class in H^ l+k (X). 
Conversely, given a cocycle representing a class in this space, the previous computation 
shows that by evaluating it at t — 1 we get a class in H[ k \x). The same is true for any 
t* E C*. □ 
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In particular H^) (X) is isomorphic to the subspace of ®jH 3 v (X) generated over C[t] by 
the classes in ® p n p ' p (X). 

2.3. The Grothendieck residue. In order to properly write the right-hand side of the 
localization formula we shall need the notion of Grothendieck residue [131 IB]- We recall 
here its definition as given in [8]. Let us start from the situation where we have a line 
bundle Jzf on C n , and n sections aj, . . . , a n of Jzf that have a common isolated zero at 0. 
Let s be a section of Jzf n £g> f2g„, and let D be a disc in C, centred at 0, such that D n does 
not contain zeroes of a\, . . . , a n other than 0, and the product a\ ■ • ■ a n does not vanish on 
dD x • • • x dD. Then one sets 

Res ( S )= ? -i r / (4) 

yai...a n J {2iri) n JdDx-xdD a i''' a n 

Now, given a line bundle Jzf on X, let V be a global section of 6x ® Jzf that has isolated, 
but possibly degenerate, zeroes. If xq is one of such zeroes, and s is a section of Jzf n <S> &x 
on a neighbourhood of xq, let us choose holomorphic coordinates (z%, . . . , z n ) centred in xq, 
and write V = J2i a i locally around x . We can define 

Resy iX0 (s) = Res ( ) . (5) 

y a x ...a n J 

In the particular case when the zero of V at xq is nondegenerate, so that the Jacobian 
determinant J{a\ . . . a n ) XQ of the partial derivatives of the components a, at xq does not 
vanish, one can write 

Resv>„(s) = , S X ° z ■ (6) 

J {(li . . . Q n )xo 

An algorithm to get an explicit expression for the Grothendieck residue in the general case 
(i.e., when V has degenerate zeroes) is given in [3]. 

The residue (EJ) is independent of the choices of the coordinates, and defines a morphism 

Resy, z : H°{Z,^ n ) C 

where Z is the closed 0-dimensional subscheme of X given by the zeroes of V (more 
precisely, Z is the subscheme associated with the sheaf of ideals %z = ^viS^x <8>«5f*) C Ox)- 
The previous discussion implies the following result. 

Lemma 2.2. IfV has isolated nondegenerate zeroes {xj}, one has 
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where 

is i/je linear transformation defined as Lyj(w) = [V, u]. □ 
Note that detLyj e if™. 

2.4. The localization formula. We consider at first a localization formula in the case 
when the line bundle involved in the definition of the Grothendieck residue is trivial, 

Theorem 2.3. Let X be an n- dimensional compact complex manifold, <§ a holomorphic 
vector bundle on X, and V a holomorphic vector field on X , which lifts to a section of Q)g, 
and has isolated zeroes. Ifj€ H* is such that Sy'j = 0, we have 

f2iri\ n 

x ^ = [—) ^vApdUt))- (7) 

where Z is the scheme of the zeroes ofV. 

Remark 2.4. If the zeroes {xj} are nondegenerate, in view of Lemma [2.21 the localization 
formula may be written as 

P(l)o(xj)(t) 



I 7 (f) = (2«)" J2 
Jx 



t n det Lvj 

where h V)j : 9*,^ ->■ Q x ,xj ■ A 

Proof. The proof of the localization formula in equivariant cohomology as given in [5] may 
be adapted to provide an easy proof of formula (J7|). 

The map p : — y il x c be written — with respect to the decomposition f [2|) — 

as p = J2i+j=kPi ® % ji where pi : (g) A*^| — >■ Vt x T ,0 , and : Q 1 ^ — > &°x is the identity 
map. This implies the identity 

p o d Ds = 5 op. (8) 

This reduces the proof of the localization formula to the case S = {0}. Let us denote by 
8y = 8 — tiy the "holomorphic equivariant" differential for the complex Q.° = C[t] ®Q' XC . 

Choose an hermitian metric g on X, and denoting by g: T^' 1 — y Q x ° the corresponding 
homomorphism, let 9 = <?(^)/||^|| 2 (so 9 is of type (1,0)). Due to injection fl x ^ c — > D* g , 
9 may be regarded as a cochain in 0^. Note that (£y#)o — — t so that 8y9 is invertible in 
the ring of differential forms away from the zeroes of V if t ^ 0, and one has 



>v 



5 V 9 



1 . 
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We set 

9 

a = — , a = a A 7, 
Qy9 

so that 5y5> = 7 (again, away from the zeroes of V). If we set 

n n—l 

7 = ^ fk ^ 2 ™- fc ' a = a2fe+1 

fc=0 fc=0 

with 



a 2k+1 = 6[l) =-(-t)- k - 1 9A(d9) 



-k-l. 



59 J 



(2k) 



then away from the zeroes of V one has 
with 

n 

w = -J2^n-2 k A9A(d9) k - 1 . (9) 

k=0 

Note that p(j)o = 7o- Denoting by Xj the zeroes of V^, let Bj(e) be a ball of radius e (with 
respect to the hermitian metric we chose) with center Xj. Then by Stokes theorem and 
equation Q 

/ 7 = — > lim / w = — > lim / Bw = > lim / ia(d9) n . 

V y^J dBj (e) y^JBM 

Let be the component of Z supported on Xj. Since we may replace each ball Bj(e) with 
a polydisk of radius, say, e, comparing with the definition (J3D of the Grothendieck residue 
we get 

lim / 7o(^r = (27u)"Res^(7o) 

and therefore we obtain the expression of the right-hand side of the localization formula. 
The reader may also compare with the proof of formula (9) in [9]. □ 

Remark 2.5. If we take <§ = {0} and consider only classes 7 in C[t] £§> [(B p Q p,p {X)], this 
localization formula reduces to Liu's formula [TTJ Thm. 1.6]. A 



Example 2.6. If <§ = Gx-, the exact sequence ([I]) splits, and one has 

The morphism p maps Q k g x to fi^cc" ^n element in O 2 ^ 1 (where n = dim^X) has the 
form 

n 

'y^ J ( UJ 2n+l-2k + V2n+l-2k)t k 
k=0 
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where ujk G Vt k xc (X) and rjk G ^^(-X^)- 

Let V be a holomorphic vector field on X with isolated nondegenerate zeroes. If u>2 G 
fi^cOX") and / G ^°°(X) are such that Bu 2 = 0, i v u) 2 = Bf, then to = (co 2 + 1 f) n G 
is a cocycle, i.e., jyu; = 0. The localization formula (jjTJ) gives 

where are the zeroes of V, and are the Jacobian determinants of the components of 
V at those zeroes. Equation (ITU]) is a kind of complex Duistermaat-Heckman formula (but 
U2 need not be nondegenerate). 

The existence of the holomorphic vector field V with isolated zeroes, and of uj^, f satis- 
fying iyUJ2 = Bf, puts conditions on the variety X. If X = P 1 , such a vector field obviously 
exists, and a simple check, using the Fredholm alternative for the Laplacian on functions 
on P 1 , shows that for any choice of u 2 , there exists a function / satisfying l v U2 = Bf. 
(Bu 2 = is automatic.) 

2.5. Moment maps. We develop some further techniques, in particular we introduce an 
appropriate notion of moment map. Let K be the curvature of the Chern connection V 
of the pair ($, h) (where h is an hermitian metric on <f), i.e., the unique connection on § 
which is compatible both with the holomorphic structure of $ and the metric h. Let V 
be a holomorphic vector field on X, with isolated zeroes, and let V be a lift of V. The 
moment map fi is the C°° endomorphism of § given by 

fi = V-V v - (11) 
Lemma 2.7. The moment map (i enjoys the following properties: 

(i) BEnd(£)H = tyK, where K is the curvature o/V; 

(ii) l~t(xj) = "hy . for all zeroes Xj ofV, where h v j : <S X . — > & x . is the endomorphism in- 
duced by the differential operator V (note that at the zeroes Xj ofV, the differential 
operator V has degree 0). 

Proof. This is proved by computations similar to those in Lemma 1 of [B] and [5] , Chapter 
7. □ 

We define the equivariant curvature of the Chern connection as K = K + t //. By using 
the connection V to split the exact sequence 

->■ End(S) (g) -> Dg T x ® C -> (12) 
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we may regard K as an element in 0|. 

Lemma 2.8. For every m > 0, the the cochain tr(K m ) e H| m is closed, i.e., 5y ti(K m ) = 
0. 

Proof. After splitting the exact sequence (1T2"]) . the complex £}* acquires a bigrading; let 
fi^ c have bidegree (1,0), and End($) bidegree (0,1). Then tr(A m ) has bidegree (2m, 0), 
while d$ s has bidegree (1,0), and i v has a piece of bidegree (—1, 0) (which is basically iy) 
and a piece of bidegree (0, —1). Then one has 

5 v ti(K m ) = {do Js -ti v )ti{R m ) = {d^-ti v )ti{k m ) = 

mti(K m -\do Js - i v )K) = mti(K m -\do Js K + td 9g H - ti v K)) = 

the equality to zero of the last expression being due to the Bianchi identities and the 
definition of the moment map. □ 

Example 2.9. Assume that S is a line bundle and define 

where n = dim A. Then 7 is a cocycle in H^, and moreover we have 

P(l)o(t) = (ttV 



2tt 

Assume moreover that V has isolated nondegenerate zeroes. Theorem 3.2 yields 

Here ci(^#) is an (1, l)-form on X representing the first Chern class of and Cj are 
complex numbers such that Ly Az) = CjZ. This equation is a special case of the Carrell- 
Liebermann localization formula [TUl [S] ; indeed, in the next Section, we shall see that the 
formula ([7j) implies the Carrell-Liebermann formula. 

If ^# = &xt we have a(@x) — and the exact sequence defining the Atiyah algebroid 
^ffx splits. Every holomorphic vector field V on X lifts to a section V of of the form 
c + V, with c a constant. Formula fTT3|) yields the well-known identity [6J 
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2.6. Bott's formula. To recover Bott's classical formula we set $ = Qx- Any holo- 
morphic vector field V on X has a lift to a differential operator V on Qx, which is 
V itself acting by Lie derivative. At the zeroes Xj of V, this defines an endomorphism 
^•v,x- '■ (®x)*j ~^ (®x)x r Moreover, in this case p: Q 2 g +r2 = Q 2 ®^ ~^ ^x,c is an isomor- 
phism. We assume that the zeroes of V are nondegenerate. 

Let Pk be the fc-th invariant elementary polynomial on the Lie algebra gl(n, C), where 
n = dimX. We use the normalization of [12] • We define the equivariant Chern classes of 
X as 

c k (X) = P k (j^Kj , k = l,...,n 
and the equivariant Chern classes of the endomorphisms Lyj : 0^. — > Qx, Xj as 



c k (xj) = P k \^P'( x j)j > k = l,...,n. 

Note that c n (xj) = det(Lyj). Let $ be a polynomial in n variables whose degree in the 
i-th variable is m,, and such that J^" =1 ^^j = n. By Lemma [2.81 the quantity 

is a cocycle in 0.q x - The localization formula ([7]) in this case reads 

$(ci (a;,,-), . . . ,C n (Xj)) 



[ <t>( Cl (X),...,c n (X)) = J2 



C n {Xj / 



i.e., we recover Bott's formula. (One uses the formula in Lemma 12. 2 j note that the deter- 
minant in the denominator of the residue is just the Chern class c n (xj).) 



3. The twisted case 

One can also write a localization formula in the case where V is a section of V G 
H°(X, Qx <8> where Jzf is a holomorphic line bundle. The advantage in making such 
a twist is that if X is projective, then by Serre theorem one can always choose S£ so 
that there exist sections of H°(X, Qx <8> that may be lifted to a differential operator 
$ — > <§ <S> Jz? [TO! [8], i.e., any holomorphic vector bundle can be made into an equivariant 
one. 

If Jzf is an effective line bundle, i.e., Jzf ~ (?x(D) for an effective divisor D in X, the 
localization formula we shall obtain contains Baum-Bott's formula for meromorphic vector 
fields [5] and Carell-Liebermann's formula [10J as special cases. 
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3.1. A new cohomology complex. We define a new cohomology complex by letting^ 

Q\ = QT, Q7 = ® ex j?- P +n + r* 9ffx n o, q (15) 

p+q=k 

and 

££ = C[t] ® c 

with a grading and differential defined as in the previous case. Moreover, we may define a 
map 

q : bJ>% ®e x J?-P +n+r2 ® 0X det @ t ® 0X Q° x q 

p+q=k 

p+q=k 

by letting 

q(4> ® s <g> m Cg) ci>) = ct(</)Jm) (g s <g a; 
where a is the anchor ^ — > Ox- We also define 

p-.Q^ ^-^ 2 ®^nr 2 ' 9 

p+q=fc 

by letting p(^) = (-l) fc g(V> ® ct)Jr?, where a G r(<r|° (g^ x det(6 x )) and 77 e ^x°P0 are 
such that 77(a) = 1. Note that for = 2n + r 2 one has /3(?/>) e fljjp c (X), and for = r 2 , 
p(^) G r(^° ®ff x Jzf n ). Instead of the identity (E]) we have now 

pod 9t = {-\) h djgop (16) 

where 9^ is now any of the <9-operators of the sheaves A P ^J, <g> j^f-p+ n + r2 ( anc [ is the 
<9-operator of a suitable power of =Sf . 
Again, we define a complex 

oj = c[*] ® c Q'PO 

with a differential 

5y = do Js -tiy . 



2 For # = this complex already appeared in [5]. 
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3.2. Localization formula in the meromorphic case. We can now state and proof 
the localization formula for the meromorphic case. 

Theorem 3.1. Let X be an n- dimensional connected compact complex manifold, $ a 
holomorphic vector bundle on X , J5f a holomorphic line bundle, and V a global section of 
&x <8> Jzf, which lifts to a section of 2>g £g> J§f , and has isolated zeroes. I/7 6 0,'g is such 
that 8vl = 0, we have 

x l(t)= (^-J Res v , z (P(l)o(t)) ■ (17) 



Proof. The proof of Theorem 12.31 works also in this case with only minor modifications. 
By using the identity f[T6"|) we reduce again the proof to the case <S = {0}. Note that in 
this case, Q k = ® p+q=k ^- p+n ® ffx ft^ 9 , so that Q 2 n = Q% c , Q° = Jzf n . 

We need to fix hermitian metrics both in X and on Jzf, and define 6 as the image of 
the complex conjug ate of V mT{VL 1 ^ via the induced hermitian metric on @x <8> Jzf- 

The computation in the proof of Theorem 12.31 also works in this case; indeed, since the 
zeroes Xj of V are isolated, around any Xj we can find a neighbourhood over which Jzf 
trivializes. □ 

Remark 3.2. Proposition 12.11 and Remark 12.51 can be extended to the meromorphic case, 
obtaining the cohomology complex and the localization formula (Theorem 6.6) described 
in Section 6 of [I?]. A 

3.3. Twisted moment maps. If we switch the line bundle Jzf on, we need to slightly 
modify the moment map construction of the previous section. As before, we fix an hermit- 
ian metric on £ and denote by K the curvature of the corresponding Chern connection. 
The moment map /i is again defined by equation ffTTj) . with V a section of Ox ® Jzf, and 
V a lift to a differential operator £ — > <§ <g> Jzf. This moment map enjoys the properties 

(i) dHom(£",<§®s?)H = wK; 

(ii) f-i(xj) = hy • for all zeroes Xj of V, 



with h v j defined as in Lemma 

3.4. Carrell-Liebermann's formula. The Carrell-Liebermann formula is obtained from 
the formula (JT7J) just by making a specific choice of the cocycle 7. We assume that Jzf ~ 
&x{D) for an effective divisor D in X. Thus we have maps Jzf mi — > Jzf m2 whenever 
mi < i7i2. This allows us to regard the traces of the powers of the equivariant curvature 
K = K + t/j, as cocycles in £2 * g . 
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Let P be an Ad-invariant polynomial on the algebra gl(r, C) of r x r complex ma- 
trices, and let $ be the polynomial expressing P(a{£)) in terms of the Chern classes 
ci(tf), . . .,Cr{&), i.e., 

P(a(<r)) = $(d (#),..., c r (#)). 
After setting if = if + t/i, we define the equivariant Chern forms of «f as 

c fe (^) = P k (j^K 

Then $(£i(#), . . . , c r (^)) is a cocycle in 0* , and 



P(a(#)) = / $(5 1 (^),...,g r (^)). (18) 

Finally, we note that by evaluating the polynomial P on the homomorphism h v . : ^ — >■ 
(<f <g) -5f)ay we obtain an element P(Lyj) e J^., and summing over all zeroes of V, we 
obtain a section P(L^) e P°(Z,Jzf n ). 

The localization formula (JT7|) now gives: 

Corollary 3.3 (Carrell-Liebermann's localization formula). Under the same hypotheses of 
Theorem \3.1[ we have 

[ P{a{S)) = (27rz) n Resy )Z (P(Ly)) . (19) 
Jx 

Proof. We only need to check that if we make the choice 7 = <&{c\{$), . . . , c r ($)), then the 
residue of ^(7)0 at Xj coincides with Resv,Zj{P{^v)) ■ This follows from the equality 

p(ck(£))o = Pk (j^vj • □ 

Remark 3.4. We can use Example !2.6l to show that our localization theorem is indeed more 
general than the Carrell-Liebermann formula. Indeed, if we take $ = Ox, since the Atiyah 
class of &x is zero, for every nonzero polynomial P the Carrell-Liebermann formula ( fl9|) 
simply yields the identity (JUJ), i.e., 



(cf. Example I2.9p . Note that is implied by equation (flUj) by taking 0J2 = 0, / = 1. 
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3.5. Baum-Bott formula. Given a line bundle J§f on X, which we assume to be effective, 
Baum-Bott's meromorphic vector field theorem is a localization formula which expresses 
the Chern numbers of the virtual bundle ©x — ^* as a sum of residues. One can deduce 
that formula from our general localization formula f jl7jl . 

Let V be a global holomorphic section V of ©x <8> that is, a meromorphic vector 
field on X, having isolated zeroes. In general, it does not lift to a differential operator 
V : ©x ©x ® % '■ One can try to define it locally, using a trivialization of Jzf and 
extending the Lie derivative by linearity with respect to the coefficients in Jzf . The local 
expressions in general do not match, but the mismatch is a multiple of V, so that one 
obtains a well-defined object in Hom(©x|Z) (©x <8> Jf)\z), where Z is the zero-cycle of the 
zeroes of V, as before. If we compute a polynomial P on this object, we obtain a well- 
defined residue. From one viewpoint, the content of Baum-Bott's meromorphic vector field 
theorem is that this residue computes a Chern number of the virtual bundle Ox — S£* . 

We shall now offer a proof of this fact, basically following [9]. Let {U} be an open cover 
over which Jzf trivializes, and for each i, let ti be a generator of Jzf (£/j). Moreover, let {pi} 
be a (smooth) partition of unity subordinated to {Ui}, and let Ui be connection forms, 
each defined on Ui, of the Chern connection V for ©x given by an hermitian metric on X. 
We define 

w = ^2pi(ui - tr l dti g> Id Qx ), K = du, p = J^Pi(t^ - Vy) , 

i i 

where is the local lift of V defined above. We have K G f2 1,1 (Encf(Ox)), A* e r(£nd(0x)® 
JSf ), and, as in Section l3T3| <9/x = zyfT. Note that if Jzf ~ @x, one can make choices such 
that K is the curvature of the Chern connection, and p is a moment map. Now, a direct 
calculation shows the following. 

Lemma 3.5. For every k > 1, the (k,k)-form tr((-^K^) k ) is closed, and its cohomology 
class equals the k-th Chern character of the virtual bundle ©x — Jzf*. 

Proposition 3.6. (Baum-Bott's formula) Let V be a global section of ©x <8> «5f having 
isolated zeroes, and let $ be a polynomial in n variables whose degree in the i-th variable 
is mi, and such that ^27=1 * m * = n - Denote by 7«, % = 1, . . . , n, the Chern classes of the 
virtual bundle ©x — ^* , and by the Chern classes of the linear morphisms 

{®x)xj (Ox ® given by the Jacobian ofV at its zeroes. Then, 

j $( 7l , . . . , In) = (2™)" ReS ^ ■ • • • a n)) ■ 
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Proof. As in Section l2lj| but using the endomorphism- valued forms K and /x we have just 
defined, and taking Lemma [3.51 into account. □ 
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